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p-adic Wan-Riemann Hypothesis for Zp-towers of curves
Roberto Alvarenga
Abstract. Our goal in this paper is to investigate four conjectures, proposed by Daqing
Wan, about the stable behavior of a geometric Zp-tower of curves X∞/X . Let hn be the
class number of the n-th layer in X∞/X . It is known from Iwasawa theory that there
are integers µ(X∞/X),λ(X∞/X) and ν(X∞/X) such that the p-adic valuation vp(hn)
equals to µ(X∞/X)p
n+λ(X∞/X)n+ν(X∞/X) for n sufficiently large. Let Qp,n be the
splitting field (over Qp) of the zeta-function of n-th layer in X∞/X . The p-adic Wan-
Riemann Hypothesis conjectures that the extension degree [Qp,n :Qp] goes to infinity
as n goes to infinity. After motivating and introducing the conjectures, we prove the
p-adic Wan-Riemann Hypothesis when λ(X∞/X) is nonzero.
1. Introduction
Intention and scope of this text. Let p be a prime number and Zp be the p-adic
integers. Our exposition is meant as a reader friendly introduction to the p-adic Wan-
Riemann Hypothesis for geometric Zp-towers of curves. Actually, we shall investigate
four conjectures stated by DaqingWan concerning the stable behavior of zeta-functions
attached to a geometric Zp-tower of curves, where these curves are defined over a finite
field Fq and q is a power of the prime p. The paper is organized as follows: in this first
section we introduce the basic background of this subject and motivate the study of
Zp-towers; in the Section 2, we state the four conjectures proposed by Daqing Wan (in
particular the p-adic Wan-Riemann Hypothesis for geometric Zp-towers of curves) and
re-write those conjectures in terms of some L-functions; in the last section, we prove
the main theorem of this article using the T -adic L-function.
Motivating question. Let X be a smooth projective geometric irreducible curve de-
fined over Fq, and Nn denotes the number of rational points of X over a constant field
extension Fqn of Fq. Consider
Z(X ,s) := exp
(
∑
n>0
Nns
n
n
)
= ∏
x∈|X |
1
1− s|x|
to be the zeta-function of X , where |X | denotes the set of closed points of X and |x| the
degree of the closed point x. The Riemann-Roch theorem implies that the zeta-function
Z(X ,T ) is a rational function in s of the form
Z(X ,s) =
P(X ,s)
(1− s)(1−qs) ∈Q(s)
where P(X ,s) ∈ 1+ sZ[s] is a polynomial of degree 2g, and g is the genus of X (see
[DL, Theorem 6.1]). By a celebrated theorem of Weil [AW], the analogous of Riemann
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Hypothesis for curves over finite fields (see [DL, Paragraphs 5.8 and 5.9, pag. 283]),
P(X ,s) :=
2g
∏
i=1
(1−αis) ∈ C(s)
where αi are algebraic integers with complex norm |αi|=√q, i= 1, . . . ,2g.
The following natural question arises in this context. Let Qp be the field of p-adic
numbers and Cp be the completion ofQp, the algebraic closure ofQp. The fields C and
Cp are isomorphic as abstract fields (see [AR, III.3.5]). Considering
P(X,s) =
2gn
∏
i=1
(1−αis) ∈ Cp(s)
as a decomposition of P(X ,s) over Cp, we may ask about |αi|p := p−vp(αi) the p-adic
norm of αi, i= 1, . . . ,2g.An answer for this question could be stated as a p-adic version
of the classical Riemann Hypothesis. The p-adic valuation vp(αi), also called p-slopes
of X , remains quite mysterious in general and does not seem to have a stable behavior
as the complex norm |αi|. Hence, the p-slopes of X have been studied through the
Newton polygon NP(X) of X , which is by definition the convex hull of the points
(i,vp(αi)), i = 1, . . . ,2g. By observing the Weil theorem we can order the reciprocal
roots of P(X ,s) such that
06 vp(α1)6 · · ·6 vp(α2g)6 r
where r is such that q= pr.
Another approach to studying the behavioral problem of p-slopes of X , is to under-
stand these rational numbers when X varies, for instance, in an algebraic family or
when X varies in a Zp-tower (which will be our specific interest here, in the spirit of
Iwasawa theory).
The Zp-towers. In the late 1950s, Kenkichi Iwasawa proved several results and formu-
lated some important conjectures concerning the behavior of the ideal class groups in a
certain Zp-tower of number fields, see [KI1] and [KI2]. After Iwasawa, some authors
started developing his ideas not just for number fields, but also for global function fields.
This is what is now known as Iwasawa theory. By definition, a Zp-tower (or Zp exten-
sion) of a field F is an infinite Galois extension F∞/F with Galois group isomorphic to
the additive group of p-adic integers Zp. Since the closed subgroups of Zp are of the
form 0 and pnZp, it is possible to regard a Zp-tower F∞/F as a sequence of fields
F = F0 ⊆ F1 ⊆ ·· · ⊆ F∞
with Galois groups Gal(Fn,F)≃ Z/pnZ and F∞ =⋃∞n=1Fn. We say Fn is the n-th layer
of the Zp-tower.
Given a global function field F over the finite field Fq, the constant field extension
Fqp∞F/F is an immediate Zp-tower. By a geometric extension of F , we mean an
extension which does not contain any constant field extension. A geometric Zp-tower
F∞/F is the one such that Fn/F is a geometric extension for every n-th layer Fn.
Let F∞/F be a constant Zp-tower, i.e. F∞ = Fqp∞F and F a global function field over
Fq, then there are no ramified primes in F∞ ([MR, Prop. 8.5]). For a given Zp-tower of
number fields, there are only finitely many ramified primes. In contrast, there may be
infinitely many ramified primes in a geometricZp-tower (see [GK]). Throughout of this
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paper, we shall just work with geometric Zp-towers with finitely many ramified primes.
The condition is natural and necessary in order for many definitions and theorems to
make sense.
Iwasawa class number formula. Assume F∞/F be a Zp-tower over a global field F .
Let hn denote the class number of n-th layer Fn in F∞/F. It is well known from Iwasawa
theory that there are integers µ(F∞/F),λ(F∞/F) and ν(F∞/F) such that
(1) vp(hn) = µ(F∞/F)p
n+λ(F∞/F)n+ν(F∞/F)
for all sufficiently large n. This formula was proved by Iwasawa first when F∞/F
is a constant Zp-tower of global function fields, and thus for F∞/F a Zp-tower of
number fields, see [KI1, Thm. 4]. Later, was noticed by Mazur-Wiles [MW] and
Gold–Kisilevsky [GK] that Iwasawa’s idea also works for geometric Zp-towers of
global function fields. We could also wonder about the behavior of hn in a Z
d
p-tower,
for any d > 1, see [DW3] for a recent work in this direction.
Acknowledgments. The author wishes to express his gratitude to Daqing Wan, who
teaches him almost everything that he knows about the subject of this article. He also
would like to thank Joe Kramer-Miller for many fruitful conversations. The author was
supported by FAPESP grant numbers [2017/21259-3] and [2018/18805-9].
2. The Wan conjectures
By a Zp-tower of curves we mean the Zp-tower of its function fields. Consider a
Zp-tower
X∞ : · · · → Xn→ ·· · → X1→ X0 = X
of smooth projective geometric irreducible curves defined over Fq. As before, the above
Zp-tower gives continuous isomorphism
ρ : G∞ := Gal(X∞,X) ∼−→ Zp,
and for each n,
Gn := Gal(Xn,X)≃ Z
/
pnZ.
Let S be the ramification locus of the tower, which is a subset of |X | the closed points
of X . The tower is unramified on its complement U := |X | − S. By class field theory,
the ramification locus S is non-empty and for each non-empty finite S, there are un-
countable many such Zp-towers over Fq. We shall assume throughout the paper that S
is finite. For each n> 0, let
Z(Xn,s) := ∏
x∈|Xn|
1
1− s|x| ∈ 1+ sZ[[s]]
be the zeta-function of Xn, where |x| denotes the degree of x. As above, we may write
Z(Xn,s) =
P(Xn,s)
(1− s)(1−qs) ∈Q(T )
where P(Xn,s) ∈ 1+ sZ[s] is a polynomial of degree 2gn, and gn is the genus of Xn.
Considering the decomposition
P(Xn,s) :=
2gn
∏
i=1
(1−αi(n)s) ∈ Cp[s],
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our motivating question (Section 1) arises in this context as follows: how vp(αi(n))
varies, for i= 1, . . . ,2gn, as n goes to infinity? We shall investigate this problem in the
aspect of the splitting field of P(Xn,s) over Qp, as n goes to infinity.
We are now in position to state the Daqing Wan conjectures ([DW4, Conj. 3.3])
concerning the degree extension of the splitting field of P(Xn,s) over Qp (and Q).
Conjecture 1. Let Qn denote the splitting field of P(Xn,s) over Q, namely Qn :=
Q(αi(n), i = 1, . . . ,2gn). Then the extension degree [Qn : Q] goes to infinity as n goes
to infinity.
Conjecture 2 (p-adic Wan-Riemann Hypothesis). Let Qp,n denote the splitting field
of P(Xn,s) over Qp, namely Qp,n := Qp(αi(n), i = 1, . . . ,2gn). Then the extension de-
gree [Qp,n :Qp] goes to infinity as n goes to infinity.
Conjecture 3. Let Qp,n denote the splitting field of P(Xn,s) over Qp, namely Qp,n :=
Qp(αi(n), i = 1, . . . ,2gn). Then the ramification degree [Qp,n : Qp]
ram goes to infinity
as n goes to infinity.
Conjecture 4. Let Qp,n denote the splitting field of P(Xn,s) over Qp, namely Qp,n :=
Qp(αi(n), i= 1, . . . ,2gn). Then there is a positive constant c(X∞/X) depending on the
Zp-tower X∞/X such that for all sufficiently large n, [Qp,n :Qp]
ram > c(X∞/X)p
n.
Remark 2.1. Observe that each conjecture is stronger than the previous one. That
Conjecture 4 implies Conjecture 3 and Conjecture 3 implies Conjecture 2 is immediate.
In order to show how the p-adic Wan-Riemann Hypothesis implies Conjecture 1, see
[NK, Exerc. 5, pag. 74].
Impact on motivating question. The Conjecture 3 says that, as n grow, there is a re-
ciprocal root αi(n) of P(Xn,s) such that vp(αi(n)) goes to zero. In terms of the Newton
polygon of Xn, it says that the first slope of NP(Xn) goes to zero as n goes to infinity.
In [GK, Thm. 4], Gold and Kisilevsky prove as a corollary of Theorem 4, that
Conjecture 1 holds when µ(F∞/F) = 0 and λ(F∞/F) 6= 0 in the Iwasawa Formula (1).
Our main contribution to this problem, Theorem 3.3 in the next section, is to prove
Conjecture 4 (and thus Conjectures 3, 2 and 1) when λ(F∞/F) 6= 0.
Before reframe theWan conjectures in terms of certain L-functions, let us explain our
motivation to call Conjecture 2 of p-adic Wan-Riemann Hypothesis. In [HW] Wan and
Haessig continue the investigation initiated by Wan in [DW1] about the zeta-function
Zr(Y,s) of r-cycles in a projective variety Y defined over a finite field. They conjec-
ture in that article that the splitting field of Zr(Y,s) over Qp is a finite extension of
Qp. This conjecture is the [HW, Conj. III] and is called p-adic Riemann Hypothesis.
They were motivated by Goss [DG] (where the author re-examines Wan’s work [DW2])
and his corresponding formulation for the characteristic p L-function. Among others
things, Wan and Haessig prove this conjecture when Y is a normal connected scheme
of dimension dimY > 2, r = dimY −1, and the Chow group of r-cycles is rank one.
L-functions and Wan’s conjectures. We finish this section rewriting the above con-
jectures in terms of classical L-functions. First, we observe the following consecutive
divisibility P(Xn,s)
∣∣P(Xn+1,s), for n> 0. Hence, in order to investigate how changes
the extension degrees in the Conjectures 1, 2, 3 and 4, as n grow, it is enough to study
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for n> 1, the primitive part of Z(Xn,s) defined by
Q(Xn,s) :=
P(Xn,s)
P(Xn−1,s)
=
Z(Xn,s)
Z(Xn−1,s)
.
Since the Galois group Gal(Xm,Xn) is a cyclic p-group for allm> n, if Xn is ramified
over X at a closed point x ∈ S, then Xm is totally ramified over Xn at x. Therefore,
without loss of generality, by going to a larger n if necessary, we can assume that X1 is
already ramified at every point of S. From now on, we assume that X1 is indeed (totally)
ramified at every point of S.
For a primitive character χn : Gn → C∗p of order pn > 1, we consider the L-function
of χn over X
L(χn,s) = ∏
x∈|U |
1
1−χn(Frobx)s|x|
∈ 1+ sZ[χn(1)][[s]],
where |U | denotes the set of closed points ofU and Frobx denotes the arithmetic Frobe-
nius element of Gn at x. Besides that, since χn is primitive of order p
n, ζpn := χn(1) is
a primitive pn-th root of unity.
By a theorem due to Weil ([MR, Thm. 9.16B]), the L-function L(χn,s) is a poly-
nomial in s of degree ℓ(n) and its reciprocal roots have complex norm equals to
√
q.
Moreover, we have the decomposition
Q(Xn,s) = ∏
χn:Gn→C∗p
L(χn,s),
where the product takes all χn primitive characters of order p
n, see [MR, Paragraph 4,
pag.130] for more details.
Let σ ∈ Gal(Q(ζpn),Q) = Gal(Qp(ζpn),Qp), one checks that
L(χn,s)
σ = L(χσn ,s).
It follows that the degree and the slopes of L(χn,s) depend only on n, not on the choice
of the primitive character χn of Gn. Therefore, in order to study the extension degree
conjectures for the splitting field of P(Xn,s), we can just choose and fix one primitive
character χn of order p
n for each n> 1. Hence, the Conjectures 2, 3 and 4 are reduced
to:
Conjecture 5. Let Lp,n denote the splitting field of L(χn,s) over Qp. The extension
degree [Lp,n :Qp] goes to infinity as n goes to infinity.
Conjecture 6. Let Lp,n denote the splitting field of L(χn,s) over Qp. The ramification
degree [Lp,n :Qp]
ram goes to infinity as n goes to infinity.
Conjecture 7. Let Lp,n denote the splitting field of L(χn,s) overQp. Then there is a pos-
itive constant c(X∞/X) depending on the Zp-tower X∞/X such that for all sufficiently
large n, [Lp,n :Qp]
ram > c(X∞/X)p
n.
3. T -adic L-function and the main theorem
In order to prove the p-adicWan-Riemann Hypothesis for geometricZp-tower of curves,
we need to introduce the T -adic L-function (first defined in [LW]) associated to a Zp-
tower of curves.
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In the previous section we have rewritten Wan’s conjectures by considering the L-
function associated to a finite character χn : Gn → C∗p. Now, we also consider all con-
tinuous p-adic characters χ : G∞ → C∗p, not necessarily of finite order.
The isomorphism
ρ : G∞ ∼−→ Zp,
given by the geometric Zp-tower X∞/X of smooth projective geometrically irreducible
curves over Fq, induces
fρ : |U | −→ Zp
x 7−→ ρ(Frobx)
the p-adic valued Frobenius function. This function determines the Zp-tower X∞/X by
class field theory, i.e. any condition we would impose on the tower is a condition on
this Frobenius function fρ. Consider the universal continuous T -adic character
Zp −→ Zp[[T ]]∗
1 7−→ 1+T.
Composing this universal T -adic character of Zp with the isomorphism ρ, we have the
universal T -adic character of G∞
ρT : G∞ → Zp → Zp[[T ]]∗.
Let Dp(1) denote the open unit disk in Cp. For any element t ∈ Dp(1), we have the
following evaluating map
Zp[[T ]]
∗ −→ C∗p
T 7−→ t.
Composing all these maps, we obtain, for a fixed t ∈ Dp(1), a continuous character
ρt : G∞ −→ C∗p.(2)
The L-function of ρt is defined by
L(ρt ,s) := ∏
x∈|U |
1
1−ρt(Frobs)s|x|
∈ 1+ sCp[[s]].
Remark 3.1. The open unit diskDp(1) parameterizes all continuousCp-valued charac-
ters χ ofG∞ via the relation t = χ(1)−1. In the case that χ=χn is a p-adic character of
G∞ of order p
n, then χ(1) is a primitive pn-th root of unity. Hence, t = tn := χn(1)−1,
and |tn|p = p−
1
pn−1(p−1) . Therefore,
L(χn,s) = L(ρtn ,s).
Elements of the form tn := χn(1)− 1, for n > 0, are called the classical points in
Dp(1). As n goes to infinity, tn approaches to the boundary of the disk Dp(1). Thus, in
order to understand the behavior of L(χn,s) as n grows, in particular Conjectures 5, 6
and 7, it is enough to understand the L-function L(ρt ,s) for all t near the boundary of
Dp(1). Namely, we should consider the following Liu-Wan universal L-function.
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Definition 3.2. The T -adic L-function Lρ(T,s) of the tower X∞/X is by definition the
L-function of the T -adic character ρT
Lρ(T,s) := L(ρT ,s) = ∏
x∈|U |
1
1− (1+T )ρ(Frobx)s|x| ∈ 1+ sZp[[T ]][[s]].
This is a p-adic power series in the two variables T and s.
For t ∈ Dp(1), we have
Lρ(T,s)|T=t = Lρ(t,s) = L(ρt ,s).
If t = tn is a classical point, Lρ(T,s)|T=tn = L(χn,s), as noted above. We can now
formulate and prove our main theorem.
Theorem 3.3. Let X∞/X be a geometric Zp-tower of smooth projective geometrically
irreducible curves over a finite field Fq. Suppose X∞/X ramified at a finite subset S of
|X |. If λ(X∞/X) is nonzero, then Conjecture 4 is true.
Proof. Replacing X by Xm, for somem> 1 if necessary, we can assume X∞/X is totally
ramified at the finite subset S of |X |, and unramified atU = |X |−S.
We first observe (following [DW4, Thm. 3.5]) that we can write the specialization at
s= 1, of the T -adic L-function Lρ(T,s) of X∞/X as following
Lρ(T,1) = p
µ(Tλ+ pa1T
λ−1+ · · ·+ paλ)u(T ),
where ai ∈ Zp, for i = 1, . . . ,λ, u(T ) is a unit in Zp[[T ]], and µ = µ(X∞/X),λ =
λ(X∞/X) as in the Iwasawa class number formula (1). Write
Lρ(T,s) =
∞
∑
k=0
Lk(T )s
k,
for Lk(T ) ∈ Zp[[T ]]. Since Lρ(tn,s) is a polynomial of degree ℓ(n), Lk(tn) = 0 for all
k > ℓ(n). The p-adic Weierstrass preparation theorem (see [NK, Thm 14, pag. 105])
implies that
Lk(T ) =
(1+T )p
n−1
T
uk(T ),
where uk(T ) ∈ Zp[[T ]], for all k > ℓ(n). It follows that the series Lρ(T,s) is (p,T )-
adically convergent for s ∈ Zp[[T ]]. If s= 1, note that Lρ(T,1) 6= 0 as its specialization
at classical points tn is nonzero. Therefore we can write
Lρ(T,1) = p
µ(Tλ+ pa1T
λ−1+ · · ·+ paλ)u(T ),
with ai ∈ Zp, for i = 1, . . . ,λ, and u(T ) is a unit in Zp[[T ]]. We are left to show that
µ and λ are the Iwasawa constants (1) for the Zp-tower X∞/X . Let hn (resp. h) be the
class number of the n-th layer Xn (resp. X ). Observe that
vp(hn)− vp(h) =
n
∑
k=1
pk−1(p−1)vp(Lρ(tk,1)).
From the above identity, Lρ(tk,1) = p
µ(tλk + pa1t
λ−1
k
+ · · ·+ paλ)u(tk). Since u(T ) is a
unit in Zp[[T ]], vp(u(tk)) = 0. Thus, for p
k−1(p−1)> λ, we have
vp(t
λ
k + pa1t
λ−1
k + · · ·+ paλ) =
λ
pk−1(p−1) ,
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since vp(tk) = 1/p
k−1(p−1). For n sufficiently large we conclude that
vp(hn) = µp
n+λn+ν
for some constant ν. Therefore, µ= µ(X∞/X) and λ= λ(X∞/X).
Next we consider χn : Z/p
nZ→C∗p a primitive character of order pn > 1, for n> 1.
As before, we can write the L-function of χn over X as follows
L(χn,s) = ∏
x∈|U |
1
1−χn(Frobx)s|x|
=
ℓ(n)
∏
i=1
(1−βi(n)s) ∈ Cp[s].
Since
Q(Xn,s) = ∏
χn:Gn→C∗p
L(χn,s),
where the product is taken over all primitive character of order pn, we see that L(χn,s)
divides P(Xn,s). Thus,
Qp,n ⊇
{
αi(n)
∣∣16 i6 2gn}⊇ {βi(n)∣∣16 i6 ℓ(n)},
where as in the Conjecture 4, αi(n) are the reciprocal roots of P(Xn,s), for i= 1, . . . ,2gn,
and Qp,n is the splitting field of P(Xn,s) over Qp. Hence
L(χn,1) =
ℓ(n)
∏
i=1
(1−βi(n)) ∈Qp,n.
Moreover, we have already observed that L(χn,1) = Lρ(tn,1), where tn = χn(1)−1. It
follows from the above description of Lρ(T,1) that
vp(L(χn,1)) = µ+ vp(t
λ
n + pa1t
λ−1
n + · · ·+ paλ)
= µ+
λ
pn−1(p−1)
for pn−1(p−1)> λ. Since by hypothesis λ 6= 0,
vp(L(χn,1)) = µ+
λ
pn−1(p−1) ,
for all n such that pn−1(p−1)> λ. Therefore,
[Qp,n :Qp]
ram >
pn−1(p−1)
gcd(pn−1(p−1),λ) >
pn−1(p−1)
λ
= cpn,
where c= c(X∞/X) = (1− p−1)λ−1 > 0. That is, Conjecture 4 is true. 
From Remark 2.1, the above theorem has the p-adic Wan-Riemann Hypothesis as
corollary when λ(X∞/X) 6= 0.
Corollary 3.4. Let X∞/X be a geometric Zp-tower of smooth projective geometrically
irreducible curves over a finite field Fq. Suppose X∞/X ramified at a finite subset S of
|X |. If λ(X∞/X) is nonzero. Then Conjecture 3 is true. 
Corollary 3.5. Let X∞/X be a geometric Zp-tower of smooth projective geometrically
irreducible curves over a finite field Fq. Suppose X∞/X ramified at a finite subset S of
|X |. If λ(X∞/X) is nonzero. Then the p-adic Wan-Riemann Hypothesis (Conjecture 2)
is true. 
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Corollary 3.6. Let X∞/X be a geometric Zp-tower of smooth projective geometrically
irreducible curves over a finite field Fq. Suppose X∞/X ramified at a finite subset S of
|X |. If λ(X∞/X) is nonzero. Then Conjecture 1 is true. 
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